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ABSTRACT 



The ’1v.ee piano , or displacement versus velocity plane, while 
relatively nov: to the engineering field, is particularly suited to 
furnishing ° comprehensive graphical display of nonlinearities operating 
under certain conditions. 

Although a successive pliase plane applic. tion is required to dis- 
play a system of order greater than two, a one picture phase plane 
presentation is adequate for predicting the stability and transient 
performance of a second order system. 

Backlash effects are investigated by phase plane techniques in this 
thesis . 

The writer wishes to express his appreciation to Dr. George J. Thaler, 
•without whose assistance and encouragement, this thesis would not have been 
v.t it ten . 
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1. Backlash 



Backlash is a real engineering problem. It exists in all gear 
trains to a greater or lesser extent and in multiDle gear arrangements, 
is the sum of the backlash errors of the individual gears. Dependent 
uoon where the servo mechanism error is measured, backlash contributes 

either to the steady state error, or instability of the system. Back- 
lash is not always detrimental to system oerformance for when controlled, 
can oe used to introduce a slight "dither" to a system, which may be 
used to provide good lubrication and freedom from stictional effects. 

The second order system consisting of motor and load is treated as 
two linear systems operating sequentially (a) during the period when the 
backlash is taken ud and the load is being driven by the motor and ( o) 
when the load is drifting; separately in the backlash region with the 
motor being controlled by an error signal generated from output measured 
at either load shaft or motor shaft. Both locations of output measure- 
ment are considered. 
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2. Dividing Lines 

System response may be nredicted on the phase plane by the loci of 
four dividing lines in conjunction with system isoclines: fa) system 
seoaration line (b) velocity and displacement of system without load at 
time of recombination (c) velocity and displacement of load at time of 
recombination (d) velocity and_ di splacement of recombined system after 
momentum conservation conditions have been satisfied. 

This study treats all recombinations as beinp inelastic. 

when an error exists in a system, and the system is correctinp with 
the backlash taken up, a decelerate np torque must eventually be applied to 
the motor. At some time afterward, providinp viscous friction is not 
infinite at the load, and that coulomb friction of load can be neglected, 
the velocities of the motor and load become different, mechanical con- 
tact is lost and separation occurs. This line of separation is a 
straight line consisting of that isocline or constant slope line at which 
the load trajectory and the traiectory of the system with load removed, 
have a common slope. It may be called the "Separation dividing line". 

Past the separation dividing line, the system operates in the backlash 
rep' on during which time the load drifts separately, with undiminished 
velocity if its viscous friction is negligible or with a constant de- 
celeration presuming all friction is viscous. Tie remainder of the system 
acts as a stable system 'with decreased inertia and spirals in towards a 
stable focus if system output is measured at motor shai't. If the system 
outout is measured at the drifting load, the system does not behave 
stably in the backlash region but continues to drive in the reverse 
direction until the backlash has taken up ana system output completely 
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corrected as to disDlacen ent . From this it may be seen that when the 
system outDut is measured at the drifting load, backlash between motor 
and load may make an overdamped system oscillatory. 

The initial oosition of system velocity and di solacement on the 
separation dividing line determines two ooints on the chase plane, load 
velocity and displacement at instant of recombination, and system without 
load velocity and displacement at instant of recombination. The loci of 
these two noints constitute dividing lines listed in (b) and (c) above, 
nach pair of corresponding points for load and system without load, 
velocity and displacement at recombination, in turn determine a point 
on the locus for recombined system velocity and displacement. This final 
ooint is obtained from satisfying the conservation of momentum considera- 
tions where individual rnomentums are defined for load and system without 
load. Trajectories for the recombined system originate from this final 
dividing line and the system retains its original characteristics until 
the next separation dividing line is reached, after which, separation and 
recombination occur as in the orevious half cycle. 

If in response to a steo disDlacement, the system attains a auiescent 
condition, with or without steady state displacement error, the system is 
said to be stable. 

If the final state of the system is one of a constant amoiitude 
oscillation, the system is said to have a limit cycle. The mamaitude of 
this limit cycle may be determined by any of the oossible non linearities 
of the system, dead zone, etc. but in this thesis, only limit cycles 
resulting from backlash are considered. 
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3. Output measured st motor shaft, load having- viscous friction. 

Consider first, the system in which the output measuring device is 
mounted on the motor shaft. The backlash existing in the gear train be- 
tween motor and load is outside of the feedback loop as shown in "Fig. I”. 
The closed loop is completely linear. Ultimate stability with a steady 
state displacement error less than or equal to the amount of the backlash 
is the result. The drifting load can at most store energy and since the 
load does not determine the output measurement, it does not demand more 
power from the source than is required. The combined viscous friction 
of the load and the system without load represent energy dissipations 
which insure stability. 




Figure (1) 

When the backlash is taken up, the differential equations for the system 

are : 

(1) (ft ftrv ■/- <9„ + jft ^ /Y yT J do — / 

(2) T~ = A"/ £ 

(3) y = Rl + /C 
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(5) 



I = 
v - 








(6) J_ 

/V 




7 u A'/ /f j ^ ^ 

~7T 



Where 



K 

K 



1 

2 



k 3 



= motor torque constant I t.t , JJ ?£« 

amp, 

= motor generator constant 2£ii£/ 

rad, /sec 

= error measurement constant 




E = armature resistance 



/ 



/rXk /V = 

/? 

- />; 



friction of 
system 
without loai 



K X K ? = K 
R 



K = gear ratio 



rad, motor 
rad, output 



J m = inertia of system ft, lbs,^ 
without load rad , /sec. 



Q/z = ordered displacement 



6l 




= displacement of load 



Q 0 = displacement of 
combined system 



* displacement of 
system without load 



Letting /]/ =1 =1 



From equation (6), to obtain the equation for the isoclines of the 
combined system: 
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When the system with load removed constitutes a closed system, an 
equation for the isoclines may be written as follows: 



(9 ) 
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Under deceleration conditions, when the velocity of the system without 
load is equal to the velocity of the load drifting separately, separation 
occurs and the backlash becomes operative. The isocline for the drifting 
load is determined by the friction and inertia of the load. 
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To prove that the system remains combined until it reaches the isocline 
of the system without load which has the same slooe as the load trajectory, 
consider the following, assuminp that ^7, ^ J -> - CJ 

as shown in "Fip. ?" .* 
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Figure ( 2) 



(13) 
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where 


e»« - 


0 m C 


Since 
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i > 

i 




1 0.^> 




at time of separation 




if separation is attempted when 29^ for the combined system 
isocline is equal to for the drifting load, the motor will ac- 
celerate, keeoing the system combined until for the system without 

load is common with of the drifting load. 

To find the loci for the dividing lines: 

(a) system without load velocity and disolacement at recombination, 

(b) load velocity and displacement at time of recombination, the euua- 
tions of the individual systems are solved as linear equations, using; 



initial conditions determined from ^ ^on the separation dividing lines, 
and final conditions determined by the amount of backlash to be taken uo, 
For the combined system: 



(15) 



^ /- \ J ^ 7> ' &C r ‘ ''h 
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For the system with load removed: 



( 16 ) ^Jm 



Orn &/-n ~A f\ & rr? — /"' \ & f? 



For the load drifting separately 



(17) 



Jl 6v + 



/~u <51 ~ ° 



At separation 

^7 0 - &L 



= 0OO - 



displacement of system with/wi thou t. 

load 



— (^) LO __ — velocity of system with/without load 

Putting these conditions into the system with load removed and solving 
yields: 
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f- / ^ S 
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- C ./m 
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Since 


the isoclines 


are straight 


lines, 


&.-n <, 





y m o 



'/ar 



where Oj is the angle the common load, system without load isocline 

makes with the positive ^ &/% axis. @/r?c> ma F be expressed in 

terms of 



as 



(19) O^o ~ &/? s- 

Equation (IP) then reduces to 
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(20) e m = 



0e. 
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~Vn 
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For the load only, imposing initial conditions fields: 



(22) e? — f O /p + -///-£ 

\ 7 ~Z.r? £ 






s /■ 0=- j A 
^ J 



(23) 
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S ( s ^ j 

(f>^ o 






Yf'hen recombination occurs, neglecting elastic bounce of gear teeth, 
S>rr? and change instant-- neously in accordance with the law of 
conservation of momentum, to satisfy the following equation: 



(24) 



( -A -X- A ) &o - A A ^ ai 



a 



The loci of the divicin 



g lines for 0 m (~)r?> 0^ , 

> ) J 



e>. 



j 



9 



j at recombination are obtained as follows: 

Equations (20) and (22) are solved as a function of time and 
plotted with an arbitrary ordinate scale, for examole let 1 in. ordi- 
nate displacement = 1 rad., as in "Kip. 3", which is representative of 
any system where backlash is outside the feedback loop. 




To find time (t) at which .2 rad. backlash is taken un piven an initial 
condition of & KC = .5, proceed as follows: Since above fieoire was 

plotted usinp as a P qrane ter with 1 rad. = 1 in., let 

ordinate = scale of 1 rad = 2 in. = /.5 . .2 rad. backlash repre- 
sented by separation between and is now equal to . li in. 

Eit' dividers, fit .U in. to time ( t) for recombination. ( t) is 
found to be .95 sec 
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To find time (t) at which . 2 rad. backlash is taken up given an initial 
condition of 0 ~ .2, let ordinate scale be 1 rad. = 5 in. or 

1 in. = . 2 rad. Backlash of .2 rad is now equal to 1 in. With dividers 
fit 1 in. between 0^ and Om y read ( t) on atffiissa equal to l.bB sec. 
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Figure ($) 



^ o flnd tlme at which • 2 rad backlash is taken up given an initial 
Con 1 ° n 0 let ordinate scale be 1 rad. = 11 in. or 

1 m. = . 1 rad. Backlash of . 2 rad is now equal to 2 in. rtith dividers 
fit ? in. between and <5^ , read (t) on abcissa at 2.0^ sec. 

Comolete loci of dividing lines are obtained by substituting values 
of ft) obtained from initial conditions of ^ , into equations (20), 
(21), (??), ana (23). Resulting values of ^Z) /Q s?, A 
are then plotted on the chase plane. £) e and £)„ are obtained by 
substituting values of and £)_ , from equations (21) and (23) 

into equation (?h), for corresponding times. 

In the case where outout is measured at the motor shaft, 

upon recombination is equal to the displacement of . ..hen system 

output is measured at the load, ^ upon recombination is equal to 
the disclacement of <£> . 
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4. Stability 

A spot check of stability .nay be rnrdo at any particular recombination 
point by treating the phase plane trajectories as logarithmic spirals with 



transformations ■ 


■s follow: 




For the 


combined 


system let 


ik 
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fx 


( 25 ) 


l/ So -h 


y /( 60 — /< 
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(35) 

( 36 ) 



cos z - 

A? l/ 

A- - r\ 



K/J 






u 



A / « 






— /^7 



4 , / A</ - ^^2 j 



<; 



^ - 



/ 3 ^> ^ t 4 A> 
‘ ?7 ' <? /? -7 ^ - f/^ty ^ c 



(37) 



\!^s 



A 






<% f 0 /? - &° ) v 4 /A/ - <s>o A 




z f /</ _ /* 



c ry 



c-^2 






e 



/C /z'j q tc ~fcirj <s>o — - <^3q j 

V^/C/ - ry ¥ j*- (Gk-Bo ) \[x/y- r^y. 



To determine if a particular recombination point on e. trajectory is 
approaching stability (i.e., the recombined trajectory is closer to the 
stable focus than prior to separation) , it is nocessary to compare values 
of C obtained from the coordinates of the trajectory where separation 
occurs and from the coordinates, where recombination occurs, 

the conservation of momentum criteria having been first satisfied. 
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If c ( Qc £7' ) recombined ^7 £ ( Q O ) unseparated, tl e trab ctcry 
will diverge into a limit cycle. This comparison of values of C is 
illustrated in Fig. *. This method is applied to test limit cycles 
developed in cases III and IV. 




Figure (6) 
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5. Output measured at load, load having viscous friction. 

When the backlash is placed inside the feedback loop, i.e., when 
the output is mea sured at the load, the configuration of the system is 
as illustrated in Fig. 7. 




Figure (7) 



In the combined region, behavior of the system is identical to that of 
the system described in section three; however, the system with load re- 
moved, as it is when in the backlash region, is no longer a closed system. 
The system with load removed is driven open loop and attempts to correct . 
the error as usual. It is prevented from doing so by the existence of 
backlash. In this attempt, the inertia of the system with load removed 
develops a momentum which in an underdamped system always causes instability 
and a consequent limit cycle, but for the presence of coulomb friction. 
Eaurtion (9) reduces to 

U/n O m -/- /7n Orrj — K ( ~ ) 

Since from equation (22), Q l in La Place form is equal to 

( e « f £%)(*•■ W-. ) ' 

equation (20) is reduced to 
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Since the system with load removed is not suitable for the isocline 
method, a time solution of eauations (liO) and (Ul) is required. 

A Dlot of t versus Q and 0 L result in a praDh similar to Up. 8 
and is used as previously described in section three to give values of 
ft) for computation of , 6^ Gjl } Oo j 0 0 dividing lines. 




Figure f 8) 
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f). Case I. Output measured at motor shaft. 



Given system 
Combined 

(us) / + . 8 e, + = / 

System with load separated 

0.3) f ^ ^ 



Load 

(iiM . o^_ - o 



Backlash . 2 rad. 

Isocline at which load separates from system is determined fnor load 
eouation. 



(U5) 






/— 



e. 



- K 



- . 



To find isoclines of combined systan letting 

/ — Oo 



- . 

Q/? - ^ 



(U6) 






/■ • 0 



Computed values of arc tan 



in table one. 



Oc 

/- Oc 



Oo 

for various values of N. are as listed 
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Table (1) 



N, Arc tan - — — N Arctan f — 

x /- Oc ' /- 



10 


- 9.30 * 


- .2 


<5 

- 59 


7 


- 7.31 ° 


- .3 


- 63.U ° 


5 


- 9.78 ° 


- .5 


o 

- 73.3 


3 


-Hi. 75 ° 


- .7 


- RU.3 * 


2 


-19.65 * 


- .R 


O 

90 


1.5 


-23.5 ° 


- 1 


78.7 


l 


-29.05 ° 


- 1.2 


o 

68.2 


.7 


-33.7 ° 


- 1.5 


55 ° 


.5 


. c 

-37.6 


- 1.7 


0 

U8 


. 3 


-U2.25 ° 


- 2 


39.8 


.2 


-U5 * 


- 2.5 


30.15 


.1 


-U8 ° 


- 3 


2li.h5 ' 


0 


-51.35 ° 


- 5 


13.39 


.1 


o 

-55 


- 7 


9.15 






-10 


6.20 



f 
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To f: nd 


isoclines of system 


wi tii load 


separated 




(U7) 


??, *.0 = 


/.€G ( 


/ / — O m 
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Table ( 
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10 


arc tan JELZL 

/ (5/77 

- 7.01T 




.7 


arc tan 
- 9^.7 ° 


7 


- Q.7 ° 


- 


.9 


O 

- 90 


5 


- 12.95 ° 


- 


1 


91.15 


3 


- 19.35 ° 


- 


1.5 


62.3 


2 


- 25.5 ° 


- 


2 


U8 c> 


1 


- 36.5 a 


- 


2.5 


38.1 


1.5 


- 30.1 ° 


- 


3 


31.2 


.7 


- hi. 6 * 


- 


5 


17.62 


.5 


- h5.75 * 


- 


7 


12.13 


.3 


- 50. h5 * 


- 10 


8.25 


.2 


- 51.13 ° 








.1 


- 55.95 








0 


- 5^ ° 








-.1 


- 62.3 








-.2 


- 65.6 ° 








- .3 


- 69 . U5 ° 








-.5 


- 77.31 ° 
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To obtain loci for 90 } 0 0c dividinp lines, it is necessary to 
solve equations for 0^-, ^ 0^ usinp initial conditions determined from 

separation dividinp line of # Q 

(hB) Oro + . 9 + /- 228 08, ~ /- ^ 

In LaPlace form 

/ ' ■ Q, 2 C ^ . 0 99 rr? o ~C 99 77 ^ ° 



(U9) 



6>. 



m — 



J 



Roots of quadratic factor are — 0 0 y /■ 22 J 



( S * Y- ■ 8 S / / CCC ) 

-or 

@st? — // 9 2 £ ^ Qn-.& (s 2. &) ^ 99. 

s(s 8 0 £ j/220~) 

(5D 



/ J /■ . </- +: y / 22 0 ) 



O. 



/T7 — 



/ T 4 0 . 



m o 



1 ' 



C 



J //? 



/. 220 



(52) 






/ 2 80 



f 



-.¥t 



C 



/. 88 0 



S/n / 28 3 7^ 90 0 8 Cos / 223 9 



For load separately 
In La Place Form 



(53) 



( 5U) 



(55) 



Q — Orr?o 



0 . 



rr? c: 



e, 



s f s ^.a) 

~ 0 SO o f / ^ 

• e ” ' 



5" 

— ■60 



r 



2 - 0/ 



0^ = 0^0 C 

Equations (5D and ( [ 4) are evaluated at tines indicated from factors 
listed in Table three. These equations are then plotted for 0^0 f .1 tc 
produce a praoh similar to Fip. from which values of time for recom- 

bination are obtained for various initial values of Qmo. 
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Taole 3 



t 


s/n /• ^ ^ f 


e ” 


e 


0 rn 


O i _ 


.1 


.1222 




.o6o8 


.0232 


.0006 


.0006 


.2 


.21425 




.0231 


. p 51i5 


.0183 


.01 Q 3 


.h 


. Ii7 06 




.8521 


.7260 


.032 q 


.03U25 




.6706 




.7866 


.6100 


.0)431 


.oa?6 


.8 


.8305 




.7260 


.5275 


.0140 3 


.059 


1.0 


.9h08 




.6700 


Ji500 


.0515 


.0688 


1.2 


.09U9 




.6188 


.3«30 


.0503 


.077 


1.5 


.08U2 




.5U°o 


.3015 


.0)432 


.0 q ?3 


1.'-* 


.8070 




.U865 


.2370 


.0321 


.09 55 


2.0 


. 6377 




.aaoo 


.2020 


.023U 


.0055 


2.2 


.h275 




.UH5 


.1720 


.01)4 5 


.1035 


2.3 


.3175 




.3085 


.1500 


.0103 


.105 


2.5 


. 3750 




.3630 


.1355 


.0023 


.108 


2.6 


-.Oli36 




.35UO 


.1250 


-.0013 


.1005 


2.8 


-. 239 




. 326o 


.1063 


-.0077 


.1115 


3.2 


-. 200 




.2780 


. 3770 


-.0159 


.1153 


3.5 


910 




.2U6o 


. 06 08 


-.01 p 3 


.1175 


3.o 


-.0075 




.2100 


.oaao 


-.0171 


.119 a 


From 


plotting and scaling as 


described 


in section 


three, it was 


deter- 


mined that .2 rad. backlash war taken ' 


up at times 


indicated in 


Table 


four 


cor responding to 


initial 


separation values 0 


f ( 9/77 c as indicated. 


Values of 


c 

were obtained from substitution of values 


of 


O/r/c and t, in equations 


(5D ( 52) 


, ( 5U ) and (55). Values 


0 f Oo 



were obtained from substituting values of and g)^ into equation ( ?h 
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Table U 



Qrno 


T 


Opy 


O m 


G. 




recombined 


.9 


1.1 


1.U60 


-.05°U 


1.660 


.372 


.1150 


.8 


1.175 


1.1*06 


-.CPUS 


1.607 


.3135 


. 06 U 8 


.7 


1.23 


1.3U8 


-.mu 


1.5U8 


.262 


.0379 


.6 


1.32 


1 . 288 


-.133U 


1.1*89 


.208 


.0055 


.5 


l • uu 


1.226 


-.1U17 


1.U26 


.159 


-.0213 


.U 


1.59 


1.161 


-.1U22 


1.360 


.112 


-.oUo5 


.3 


1.825 


1.080 


-.126U 


1.289 


. 06q7 


-.9331 


.2 


2.35 


1.013 


-.0812 


1.213 


.0298 


-.0368 


.13 


2.7 


-.0605 


-.0195 


1.1U36 


.0151 


-.0057 


Dividing 


lines 


were plotted 


on the oiase plane 


of the 


system shown in 



F ip, <? . Phase trajectories were formed by standard Dhase plane tech- 
nioues. The transient response of the system as obtained from the 
phase plane by methods outlined in Control System Synthesis by Truxai, 
pare 629, is shown in Fir. 10. Values of displacement versus time for 
transient response are listed in Table five. 
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Table 5 



f 




Om 


Ol 




a 


.258 


.026 






5.710 .9929 


.9929 


. 520 


.1 






5.810 .986 


.986 


.759 


.2 






6.010 .97 5'° 


.97a7 


1.133 


.a 






6.210 .9681 


.96a8 


1.U72 


.6 






6.U10 .9635 


.9 56a 


1.805 


.8 






6.61 .9619 


.9a9i 


2.221 


1.0 










Separation occurs 


at O l o 


.a2 






2.321 




1.0393 


1.0393 






2.1*21 




1.075 


1.075 






2.621 




1.13^ 


1 . 1 a 






3.021 




1.202 


1.21*2 






3.221 




1.211 


1.282 






3.U21 




1.206 


1.315 






3.721 




1.177 


1.358 






Recombination occurs 








a. 369 


1.130 










a. 837 


1.08 










5.515 


1.01 










5.61 


1.00 










Separation occurs 


at &, 0 - 


.07a 






From Fig. 9 it may 


be sf en 


that the 


system as described 


is stable and 


contains 


a residual steady 


state displacement error 


the amount of 


the backlash. A ; 


steo displacement 


inout of 1.0 is seen 


to separate 



2 ? 



into load and system without load at Q c - / 0 LO - »U2, at point A. 
The load is seen to follow a constant deceleration isocline of -.8 
while the system without the load converges towards the stable focus. 
Recombination occurs when the system without load is at B and the 
load is at B / . The momentum balance causes the recombined trajectory 
to originate from point C. Separation reoccurs at point D and recom- 
bination does not occur thereafter since the output measuring device 
is inside the limits of the backlash. The load comes to rest with 
-.091 rad. residual error. 

A step displacement input originating at Q o - / O c ~ 1 is seen to 
separate at Q 0 - 1, recombine when the system without load is at E 



and the load is at E . The recombined trajectory is seen to originate 
from F, reseparate at 0, recombine at H, h' , I and separate again at J 
where the output detector is once again inside the backlash region so that 
further correction is impossible. 

Fig. 10 describes the transient response to a steo displacement in- 
put of 1.0 rad. From the fipure it may be seen that system resonant fre- 
quency changes between combined and uncom^ined systems, and that velocity 
changes abruptly upon recombination. 

Fig. 11 is a plot of at separation. 
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7. Case II. Outout measured at motor shaft. 
Load possesses no viscous friction. 

Given system. 

Combined 



(56) 



/Go + .2 



/ 



System as closed loop with load separated. 

(57) . _T &rr, /■ e„ + = 

Load separately 

(58) - - o 



S 



Backlash .3 rad. 

Isocline at which load separates from system is determined by the 
isocline equation for the load. 

( 5 «) . f > o GL - & = o 

To find the isoclines for the combined system, letting = 1 



( 59 ) ^ 



ck. 



Slopes of the isoclines are given in Table six. 
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/y Qrc -far? Sc 

(' /~e a 

oo o 0 


7? 
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Table 6 
SrrTC, -& 

, „ / - ei 

-68 . 2 ° 


71. 

-3 


C? ~r~ c ~/c.n 

19.66° 


10 


- 5.*i° 


.1 


-73.3° 


-5 


11.77 ‘ 


7 


- 7.91" 


0 


-79.7 * 


-7 


9.36 


5 


-10.9 * 


-.1 


-8U. 3 p 


-10 


5.33 


3 


-17.35 ° 


-.2 


-90 ° 






2.5 


-20.35 ° 


-.3 


3U. 3° 






2.0 


- 2 a. 5° 


-.5 


o 

73.3 






i*.5 


-30.145° 


-.7 


63. a ° 






1.2 


-35.55 ° 


-1.0 


51.35 ° 






1.0 


-39.8 ° 


-1.2 


a5 " 






.7 


-U8 ° 


-1.5 


37.6 * 






-.5 


-55 a 


-2.0 


29.05 ° 






.3 


-63. h° 


-2.5 


23.5 c 






To find isoclines 
( 60 ) % ^ 


: for the 
. ^ = 


system with 

^ f ' ~ 


load 


seoarated 

; 


Slopes 


& ,-r, 

of the isoclines are given in Table 


seven. 
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Table 7 


oo 


<7 r~c ~fct n & rn 

o 


s??- 

- .1 


76 S^rrv 

Q -T c fez fj 

_ . - c / Qsr? 

-81.U6 


10 


-10.89° 


- .2 


-%.3 ° 


7 


-15.3° 


- .3 


- p 7 .15 ° 


5 


-20.33^ 


- .h 


£> 

-O0 


3 


-30.h5° 


- .5 


87.15 ° 


2.5 


-3U.6 0 


- .7 


Q 1 .U 6 ° 


2.0 


-39.8 ° 


- 1.0 


73.3 ° 


1.5 


-U6.U5 ° 


- 1.2 


6 A .2 ° 


1.2 


-51.3" 


-1.5 


O 

61.2 


1.0 


-55.0 0 


- 2.0 


51.3 ° 


.7 


- 61.2 ° 


-2.5 


h3.6 




o 




O 


.5 


-65.75 


-3.0 


37.6 


.3 


-70.7 " 


-5.0 


<0 

23.5 


.2 


-73.3 * 


-7.0 


17.39 


.1 


-75.9 ° 


- 1.0 


11.78 


0 


-78.7 ° 






To obtain dividing lines for 


&L , @e> 


recombination, 






(57) 


O rr? f • ¥ &rr. 


7 


Orr? ■= 


In La D lace form 






( 61 ) 


Z/ 

s~\ 




^ £ /- Z CZ'/'rf c 


rr? — 


fs 2 


+ . Y z * £ ) 





Roots of quadratic factor are — - <? JlfT y /- 

( 62 ) . &„ = / s- . 7 /s- e --* r S "? ('■* 

where £5 1^.25 

/ 31 



at 



*/ &rr?o 






(63) 


6 ), 




l -o r- 0 


- .-2 t 

S S r / 1 /• ¥ ~t 


- /$) 






e. 


-•7 c; 


. 2 Z 

CoS 


( /.f t- 


z) 


For 


load 


separately 










( 6 h) 




° 


5 






(65) 




&t_ - &(. o + 


6? A. 0 






Subs 


tituting values of (t) 


in factors of equa 


tion ( 62 ) results in value 


of Table 


eight. 














?/'?(/. V (?) 


Table 
£.> ' < ~r 


8 

r 


-S^ / V7 (/ //*- 


-.zf 

C 


0 




-.281 


1 


10. 3 


.917 


.1)62 


.2 




-.008 


.9603 


11.0 


.531 


.111 


Ji 




.258 


.9231 


12.0 


-.725 


. )9 1 


.6 




. 52b 


.887 


13.0 


-. q 2ii 


. 371,3 


.8 




.739 


.852 


lh.O 


.U30 


.Vi 


1.0 




.395 


.819 


16.0 


.972 


.06) 


1.2 




. 083 

« 


.7 Q 65 


16.0 


-.070 


. 0 U 1 


l.u 




.999 


.756 


17.0 


-.997 


.0335 


1.6 




.9 28 


.726 


18.0 


- . 250 


.02 7k 


l.P 




.790 


.693 


19.0 


.91 6 


.022a 


2.0 




.588 


.670 


20.0 


.523 


. >l°li 


3.0 




-.693 


. 51-1° 








4.0 




-.321 


.WiO 








5.0 




.hl5 


. 3 P 6 








6.0 




.968 


.301 








7.0 




-.073 


.217 








P.0 




-.905 


. 202 








o.O 




-.276 


.166 
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When the terms of Table eipht are plotted in accordance with equations 
(6 2) and (65), for 1 figure 1 ? is obtained. 



From figure twelve, the times of recombinatior for 
are determined for various values of as described in 
describing dividing lines for O /r? j £\ <Si ; @c 64 

nation. Values determined are as listed in Table nine. 
Qrr? (£>W , Si £' k were determined fro- equations (62), 
So values were determined from equation ( 2lt ) . 



3 rad. backlash 
section 3, thus 
at recombi- 
Values of 
(O) arid (65). 
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m 



t 

1.36 


o 

Qrao 

.5 


Table 9 

&S77 

.272 


-.07125 


a 

.71h37 


1.1x0 


.1x5 


.2h2 


-.03?H 


.I83Q 


1.1x9 


.1x0 


.2075 


-.1082 


.lh59 


1.56 


.35 


.171x5 


-.1157 


.1171 


1 . 66 


.30 


.136 


-.1236 


.0382 


1.82 


.25 


.0970 


-.1297 


.0602 


2.0 


.20 


.0560 


-.1191x6 


.01x02 


2.3 


.15 


.0135 


-.0053 


.0273 


2.63 


.12 


-.0127 


- . 0663 


.0268 


2.95 


.10 


-.025 


-.01x7 


.0265 


3.22 


.09 


-.02Q75 


-.0167 


.0366 


3.63 


.08 


-.0275 


. 0038 


. Olx’xlx 


3.95 


.075 


-.01215 


.03283 


.053h 


k.ko 


.07 


-.00253 


.0292 


.0361x 


h.95 


.065 


,oo5o 


.0217 


. Oh 3 h 


5.h5 


.06 


.0126 


.00726 


.0310 


".36 


.05 


.0075 


-.0111 


.0195 


7.86 


.Oh 


- . 001x^7 


-.00h6h 


.01^8 


c .h7 


.035 


-.00383 


.001x38 


.01969 


11.08 


.03 


.0021x9 


.001 p h 


.0159 


12.0 


.025 


-.00118 


-.001327 


.01i n 3 


15.1 


.02 


. 0006U 


-.000519 


.0102 



The transient resoonse as determined from the phase plans is tabulated 



3h 



in 1 able ten. : 



Table 10 



For step displacement inout of .16 



t 


a 


0/7? 


a 


On 7 


t 




0 


0 




3.1 




.226 


7.35 


.150 


.15 


.0015 




3.3 




. 21 U 


7.55 


.1)485 


.277 


.0053 




3.5 




.1985 


7.75 


.lh8 


-Ul7 


.0123 




3.7 




.1815 


7.95 


.1892 








System recombines 








ro 
o C 
ITS 

• 


.02U 




3.8 


.161 




8.15 


.1)49)4 


.762 


, 0 h 0 




3.9 


.160 




8.35 


.151)4 


.093 


. 066 




1.31 


.173 




8.55 


.1533 


1.265 


.100 




lj.73 


.18 




8.75 


.1566 


1.500 


.132 




5.33 


.18U 




8.95 


.1600 


System 


separated 


from load at5.72 


.132 










G 


L c — 


'37 










1.7 




.16 


6.03 


.178 








1.9 




.l q 33 


6.36 


.172 








2.1 




.2055 


6.55 


.168 














System separates at 


Ol o ~ 


. 02 2 . 




2.3 




.2217 


6.75 




.16 






2.5 




.2817 


6.95 




.156 






2.7 




.2356 


7.18 




.1527 






2.9 




.2335 












Fipure 


thirteen is a phase olane oortrait of 


the sys 


tem Wien 


it :is s' 


jected 


to a step 


in out 


of .l f rad. 


The dividing lines are 


shown to 



have particularly unusual conf i (mirations for this svs tar characterized 
by no viscous friction in the load, and slight damping. The 0G/~n 

dividing line is seen to spiral into the stable focus much like a tra- 
jectory. The Qc Go dividing line for recombination is seen to consist 
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of a series of loons, the to >s of wr.icf renre cr.f x.' mum r.ergy fed 
back from the load unon recombination, and the net to ms of w> ic'i re n re- 
sent minimum energy fed back. This pi enonenon is attributable to tie 
existence of a natural period for separation which oerrits recom inatio 
velocities to add vec tori ally, increasing tie disolacerent of the system 
immediately after recombination. 

Tie phase trajectory is seen to seoiraie load fro- syster at no t 
A. ' ecombinati on occurs at point d, and the new Q 0 0 C is sees, to ltd 
Dlcce at C, a point of relatively low energy feedback. The system 
seoarates arain at I. and recombines arain when 0m is at u. xhe €Po &o 
for tl is rec- >noination occurs at K, arain a relatively low energy feed- 
back, and from this convergence, it is seen t v at Oo @ 0 loons aooroacr 
tee stable focus, making the system ultimately suaoie. As in case 1, 
the cutout error of the system will be the magnitude of the bacKlash. 

Firure fourteen pictures the system behavior in response tc a slot 
incut of ,0 C 6, From this it may be seen that the Go (£> 0 oos tio,. uno.i 
^combination ’ s at the top of the first loco, reoresenti nr a maximum 
feed-back of energy from the load. Ihe load seoarates fro- ti.e system 
at A, recombines at F to oroduce a Go for ti.e recombined ystem 

at C. The system seoarates ara‘. n at T and recombines when Gm is- at 
, resulting in a recombined & a <3c at . ' s oefore, it may : 

that the system is ultimately stable, however it taxes the sy. ter a 
longer period to settle from a steo of . O 04 than from a stem of . 1^. 

Firure fifteen shows the system transient performance to a step 
of .16 and .09*. Once arain, ti is iilus 4 rates the .more oscillatory per- 
formance induced in the system by the svaLler innut, when conditions are 
favorable for load momentum reinforcement unoo recombination. 
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Case ITT. 



utout measured at load 
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Load oossesses no viscous friction. inertia distrioution is equalized 
between load and system without load. 



C-iven system .3 Backlash 
Combined. 

( 6 A) / 6 - 63 * y ifSt, — / 

System as open looo with load seoarated. 

<V) - y- 

Load seDarately 

T68) • ^ 

Slones for the isoclines of the combined system are as tabulated in 

Taole six. Equation (it!) and (id) are apolicable to system when oner at ’'m 
in the backlash region, and reduce to 
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Substi tutinp values of ft) in factors ot eauat jn (70) and f rc jits 
in data tabulated in Table eleven. 



Table 11 
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«rt su tt er is a vr-."-!. of values tabulated j.n jiaLxe eleven. when 
scaled for various v-’luos of Q^, a on the Oeoeration dividing lines, value- 
of ( t) are obtained as described in section 3, which fire the times re- 
quired for recombination to occur for a specific • These values 

are listed wi th corresponding values of tB rn in Table twelve, with 
factors from eauat.io r.$( 7 0) and (72). 
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lable 12 continued 
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ecuation (2h) it 


is determined 


that corresponding values of 


Oo , 




for recombination are 


as listed in Table thirteen. 
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Figure seventeen is the phase plane oxot of the system with pertinent 
dividing lines. 

Tt is seen that a step displacement innut of 1.1b? spirals into 
a limit cycle with a constant amolitude of 1.330 while a steo disolace- 
ment of .037 diverges into the identical limit cycle. 

v.hen the system is operating in a limit cycle, separation occurs at 

O • 

* , recombination occurs when 0/m 0m? is at B and 0^ J 0?_ is at 
/ 

B. The recombined phase trajectory originates from ooint C on the 
Qo 0° dividing line and the system separates again at P. 

Applying stability criteria of section b yields the following: 

At separation, 0 O = . rfS" 0 - 0o — . 3 y 6 in limit cycle. 

lUbslitu ti ng into equation (3' q ), C = . 3?b 

Upon recombination in limit cycle^ 0^ — ,1?, - © c - -. r 

substituting into equation ( 3B), C = .31?. 
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9. Case IV. Aitput measured at load. 



Load Dossesses no viscous friction and has i - "- eater oart of inertia. 
Civen system .3 rad backlash 

(7li) / <^> f ~ / 

System as open loop with, load seoarated 

(75) .2 o -5 ^ /- Ol 

Load seoarately 

( 7 ^ ) • 3 £)/_ - O 

Slopes of the isoclines of the combined system are as tabulated in 
Table six. 

quations ( hO) and Oil) are aoplicable to system when operating in the 
backlash region, and reduce to 
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Suosti tutinm values of ft) in factors of equations 7 77 ) and (7°) 
results in data tabulated in Table fourteen. 
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Table iij continued 
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Fi rure eighteen is a praon of equations (77) anc ( 79) limes of re- 
corbi nation are obtained from anproorinte ordinate scaling of Mr. i 
for various values of Q- /77o as was done ir. Case I T T . ’alues of (t), 
corresponding to (£)/r> 0 factors of time solutions for equations (If) 

and (7°) are 1 is tec) in Table 15. 
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'rom equation (26) values of 0 0 & D are x eteci in Table sixtee 

j 

for recombination 
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Taole 16 
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lire nineteen i s the Dhase oLane portrait o i the sys ten • The •*?. ^n : - 
t . J e of the limit cycle in this cane is 1.15) wrich considerinr tie 
Terence in inertia distribution between cases III ana IV, is net 
appreciably greater than the 1.030 naepaitude of case III. 

A steo displacement inout of .^9 is seen to spiral into the ii iu 
cycle while a step of .[»35 is seen to spiral out toward the same limit 
cycle. 

when the system is performing a limit cycle, it is se; n to separate 
at A. The backlash of .3 rad. is not taken uo nnt'l the system w th. 
load removed has reached ^ and the load has reached 3 fecombi' ation 

occurs and the recombined trajectory originates from 0. ieo.ara+ion 
reoccurs on the separation dividing line oi' ooint I. 



52 



Apply in? the stability criteria of section U to the limit cycle of 
case IV yields the following. 



For equation (38), the apolicable constants are 
K - 1 



F = .2 



J = 1 

At separation - *h95 



e# - So -- .095 

Substituting in equation (38) 
(80) C = 



•h. 



(.*)(• j)(. o g s J -a ('.as) v7- ^ 



=?’ 1 



/ - 



v.- 






= .556 

oon recombination, 

S» = .315 

e* - « - J ' B5 

substituting in equation (3B) 

, ■_!' 

( HI ) C = j (, ? /s') 1 ^ * Y_. y 5 r) * (-.yesf ^ — 

\/ / — ' 



= .6l8 } vrhich represents only fair agreement. 
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COMBINED / 6 C 

SYSTEM VIT>! LOAD SEPARATED 
LOAD . q *e 4 

BACKLASH .3 RAD. 



+ •£. 6«> + 
.2* G rr? ♦ • 2? G /7- 
+ o G^ =0 



COKBITlD . YSTE.M TRAJECTORY 
TRAJECTORY OF SYSTEM T7IT11 LOAD SEPARATED 
SEPARATION DIVIDINC LINE 
VELOCITY AND DISPLACEMENT OF SYSTEM WITHOUT 
LOAD AT RECOMBINATION 

VELOCITY AND DISPLACE.' DINT OF SYSTEM AT RECOfrfBINATICN 
VELOCITY AND 1 ISPLACEMENT OF LOAD DUE INC SE1 ARATION 
VELOCITY ANT DISPLACEMENT OF LOAD AT RECOMBINATION 

Figure {/9 ) 
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10. Case V. Outout measured at load. 

Load possesses viscous friction. Inertia equally divided between load 
and system with load seoarated. 

Oiven system .3 rad. backlash. 

m?) / Se / . ¥ = i 

System as open loop with load seoarated 

(83) .*>bm + .1^ = 1 - 

Load separately 

( PL ) .5 . 3 (tRc = 0 

To obtain isoclines for the combined system. 

ras) ^ /■ .i» = (i - g. ) 

mm <a - i - ©, (n, 1 d 

Computed values of arctan jEg for various values of N, are as listed 

/- <s> c 

in Table seventeen. 
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I o obta 


3 n the isocline of the system 


without load, 


of the 


load from the system 


occurs, solve for 60, 


(V) 




= - ■ 




At instant of separation, 






(88 ) 


/■ .z = 


-- z ( > 


- ) 




Orr? 




& rn 






— S. ( /_ ~ 

s, 



7 ^7 
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(89) 



/ . 2 



( 90 ) 



®rr?o __ ^ 

&/r?r + ■ 2- 



Letting M2 - N3 - -.6 

(Ql)arctan — 7^.7 - 78-7 

( /- €>^c) 

Equation ( UO ) reduces to 



(92) <^7 - 
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Y~ 



/ A?<r 3 & st ? o 
/ '7~- 8 8? rr>c> C 



- /Y& e>. , 

- 



- /8. 66 



&rr?o T 



Equation (hi) reduces to 



( 0 3 ) 6Prn 



- /8 <T<f O sr~> o 

— 8-3 3 



V~ 88 (8 fr> c ^ 

* — • <r 7 

(f7”->c> c 



■ zT 



figure 20 is a plot of ^ <5^durinp separation. Times of recombination 
are obtained from this plot as described in section three. Table eight- 
teen is a tabulation of equations (92) and ( 03 ) 
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3.0 


. 589 


.166 


- 76.9 


2.305 


-56.0 


127.3 


-8.2 ■ 


3*. 2 


.528 


.187 


- 73.9 


2.02 


-50.7 


107.3 


r v 

• 


3.8 


.507 


.130 


- 71.0 


1.21 


-63.5 


106.3 


-*. 3' 


3.6 


.187 


.116 


- 68. 15 


l.*l 


-*7 .1 


127.3 


- ; . 38 


3. < 


.8*8 


.10° 


- 65.5 


1.82 


-71.0 


107.3 


t '?p 

“ • 


8.0 


.85 


.0^1 


- 63.0 


1.26? 


-78.* 


126.3 


-10.0a 



59 



Tabie i' cor tinued 



r 




- 8-~5?e 


-/6?^ 




.2 


26.93 


-7.30 


-1 w . 66 


.88 


.h 


25. p 


- 6.55 


-18.66 


.59 


.6 


2U.*$ 


- 6. Q 0 


-18.66 


.35 


oB 


23. *2 


- 5.15 


-18 , 66 


.01 


1.0 


22.9 


-14.57 


-18.66 


-.33 


1.2 


’2.0 


-a. 05 


1 

H-* 

C 

On 


-.71 


l.h 


21.18 


- 3.6 


- 12.66 


-1.08 


1.6 


20.33 


-3.10 


- 1° . 66 


-1.52 


l.B 


10.35 


-7.23 


- 1 H .66 


-1.9)4 


’.0 


1 Q .75 


- 2.57 


-12.66 


-2.U3 


2.2 


18.0 


-2.23 


- 12.66 


-2.89 


2.1 


17.3 


-1.075 


-18.6ft 


-3.3h 


2.6 


1^.6$ 


- 1.75 


- 1° . 66 


-3.76 


2.B 


16.0 


- 1.55 


-18.66 


- a . 21 


3.0 


16.35 


- 1.38 


-i n . 66 


-a. 69 


3.2 


l ) i . 79 


- 1.225 


-18.66 


-6.10 


3.U 


1L.2 


-i.0 Q 3 


-18.6ft 


- 5 . 5 a 


3.6 


13.65 


- .066 


-18.66 


- 5.08 


3.B 


13.10 


- .850 


-1 !! . 66 


.ai 


h.O 


1’.6 


- .758 


- 18.66 


-6.82 






iO obtain the Q L (£)^_ dividing l'ne, equation (22) reduces to 



«>h) 

f ) 



/ 



/? 



C ' / 7 ? o 



7^ 



A cc 




Values of equation (91 ) are tabulated in Table nineteen 









Table 19 






t 


f 

, e 


0~c 


CY\ /■ CC 


*/2 


o , - / 


.2 


. Q 8? 


.113 


.1°78 


.2 


. 3 Q 78 


.1 


.787 


.213 


.35a 


.2 


.55)4 


.6 


.698 


.302 


.501 


.2 


.701 


1.0 


.519 


.151 


.ISO 


.? 


.950 


1.1 


.132 


.568 


.9h3 


O 

• < 


1.113 


1.8 


.310 


.660 


1.09 6 


.2 


1.296 


2.2 


.268 


.732 


1.215 


.2 


1.H5 


2.6 


.210 


.790 


1.31 


.2 


1.51 


3.0 


.166 


.831 


1.385 


.2 


1.585 


3. a 


.130 


.870 


1.115 


.2 


1.615 


3.8 . 


.102 


.898 


1 .19 


.2 


1.69 


l.o 


.091 


.909 


1.51 


.2 


1.71 


Values of 


0m 0m ^ 


@ for dividing lines 


are listed 


in Table 
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twenty 



Taole 20 



0/77 0 


f 






/33c c 


f ~/Q.GG 


^ 3 


Om ~ 6 


1 


1.075 


.807 


.525 - 


■112.95 


7.3 > 


-20.05 


126.3 


.A 


.8 


1.15 


. 79U7 


.502 - 


■ 111.0 


6.08 


- 21 . a 2 


126.3 


.<88 


.6 


1.275 


.775 


.b 66 


■108.35 




-23.79 


126.3 


.389 5 




1.U5 


.7ii82 


.1195 - 


.10/4.65 


5.82 


-27.03 


126.3 


.176 


r\ 


1.81 


. 6o65 


.338 - 


■ 07.5 


a. 70 


-33.75 


126.3 


-.05 


.1 


2.35 


.6255 


. 2IiU 


-87.5 


3.39 


-a3.85 


126.3 


- .166 


.08 


2.55 


.601 


.217 


-8I4.I 


3.02 


-a7.5 


126.3 


- .1 r 2 


.06 


2.85 


.566 


.181 


-79.25 


2.52 


-53.1 


126.3 


-.2116 


.Oh 


3.30 


.517 


.13 p 


-72. a 


1.019 


-61.5 


126.3 


-.227 


.03 


3.70 


-U775 


.109 


-66.o 


1.615 


-69.0 


126.3 


-.2U2 








Table 


20 continued 








0/77 O 


_ -of 
08c 


- 9. 33c 


ct 

-/P-CG 


O--, 










1 


22.59 


-li.37 


-18.66 


-Jill 










.8 


22.2 


-h .18 


-18.66 


-.511 










.6 


21.65 


-3.88 


-18.66 


-.533 










. h 


20.92 


-3.186 


-18.66 


-.h 9 










.2 


19.5 


-2.812 


-18.66 


-.3814 










.1 


17.51 


-2.03 


-18.66 


-.318 










.08 


16.81 


-1.805 


-18.66 


-.292 










.06 


16.85 


-1 . 506 


-18.66 


-.259 










.oh 


11.17 


-1.15 


-18.66 


-.2133 










.03 


13.36 


- .909 


-1 Q . 66 


-.1865 
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Table 20 continued 



O/nc. 

1 


t 

1.075 


"S't / -£ 
e (/- e 6 

.525 .175 


/ /UC 

OOt- 

.789 


.2 


&L~ / 

. Q 39 


e*. 

.825 


.8 


1.15 


.502 


.198 


.826 


.2 


.82 


.101 


.6 


1.275 


.166 


.531 


.'86 


.2 


. A 5i 


.28 


.1 


1.15 


.1198 


.5805 


.965 


.2 


.166 


.1675 


.2 


i.pi 


.338 


. 6*2 


1.10 


.2 


.26 


.0676 


.1 


?.35 


. 211 


.756 


1.255 


.2 


.1155 


.0211 


.08 


2.65 


.217 


.783 


1.30 


.2 


.12 


.01735 


.06 


2.35 


.181 


. () 19 


1.36 


.2 


.0036 


.01085 


.01 


3.30 


.138 


.862 


1.13 


.2 


. )6325 


.00552 


.03 


3.70 


.109 


.8oi 


1.18 


.2 


.0505 


.00327 



Equation ( 21) yields values for @ 0 uoon recombination, as tube! 
in Table twenty-one. 



o 



Table 21 



& no 


Qo 


1 


. 0 I 425 


.8 


-.055 


.6 


-.1265 


.h 


-.16125 


.2 


-.1582 


.1 


-.1U66 


.08 


-.1373 


.06 


-. 12U1 


.01; 


-.1039 


.03 


-.0916 



Fip. 21 is the phase plane portrait of Q a 0 O 0^ 0^ 

It is seen that in response to a steo incut cf .A?, the system separate, 
at Point A, recombines when Cl is at point 3 , and once the 

momentum balance has been satisfied, f or the recombined system 

originates from point C, reseparatinp at point I). This trajectory 
spirals in towards a limit cycle of magnitude .52 while a steo input 
o f . 3 in seen to spiral outwards into the same limit cycle described 
by ooints E, F, 0 and H. 
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11 . Case VI . 



Output measured at load. 

Load possesses viscous frictior . Tnertia equally divided between load 
and system with load seoarated 
Oiven system 

(9?) / &, 7- ' ^ * Gc = ( 

Systeri as open loop with load separated. .3 rad backlash 

(’O ■ / . 3 - / - &/_ 

uoad seoarately 

( 97 ) . S' + - / €>a. ■= O 

Isoclines for the combined system are identical with those of case V, 
listed in Table seventeen. 

To obtain the isocline of the system without load, where separation of 
the load from system occurs, solve for 
(9><) e_ ± 

At the instant of separation 

(oo) f ~ / . S = ( ' ~ &r n *) 

® m o 

(100) -/-.(> ~ /<L ( / — & C J 

(101) = 

/ ~ C> m o ^2, + £ 

Letting N? — N3 = -.2 

arctan “ — T’&-~7 0 — / &/• ^ 

/ — c> / 

liquation hO reduces to 

(102) (S>rn — /<T &/770 f -f- ///. ^ 5 5 (ggIio 

- CfW e ~ V- / 

Equation Ul reduces to 



- *7* 
e 




^7 



(103) O . 



/V7 — 



- /G O, 



8 OsT/O C 



d f- 
/ 



888 (8/77 0 C 



Table twenty-two xists values of£U d*. versus ( t) 



t '-- gt 



.2 


.0608 


.887 


-120 


.h 


.923 


.787 


-115.15 


.6 


.887 


.608 


-110.9 


H 

• 


.8525 


.620 


-106.5 


1.0 


.819 


.550 


-102.1 


1.2 


.787 


.as? 


- 98.25 


l.U 


.756 


.a32 


-oa. 5 


1.6 


.726 


.38a 


-90.85 


1.8 


.*98 


.3ao 


-87.25 


2.0 


.*70 


. 302 


-83.8 


2.2 


.6aa 


.2*8 


-80. a5 


2 . a 


.*20 


.237 


-77.5 


2.* 


.5^5 


.210 


-7a. a5 


2.8 


.572 


.187 


-71.5 


3.0 


• 55o 


.1*6 


-68 . 8 , 


3.2 


.528 


.ia? 


-66.0 


3. a 


.507 


.130 


-63. a 


3.6 


.ap-7 


.116 


-*0.95 


3.8 


.a68 


.102 


-58.5 


a.o 


.a5o 


.091 


-56.2 



Table 22 



/ 3 3 YS ~ e - 
11.82 


■ e r -/<?/ 

- 3.2 


///. ft 5 ~ s ' 

m.a55 


dr ?/ r > 

.075 


10.5 


- *. a 


m.a55 


.ao5 


9.305 


- 9.6 


xii.a55 


.260 


8.28 


-12.8 


m.a55 


.a35 


7.35 


-16 


m.a55 


.70 


6.5o 


-10.2 


m.a55 


.5o5 


5.76 


- 22 . a 


m.a55 


.315 


5.12 


-25.6 


m.a55 


.125 


a.5U5 


-28.8 


m.a555 


-.05 


a. 035 


-32.0 


m.a55 


- . 310 


3.58 


-35.2 


m.a55 


-.615 


3.16 


-38. a 


in. a 55 


-1.285 


2.805 


-ai.* 


Hi.a55 


-1.700 


2.50 


-aa.s 


in.a55 


-2.3U5 


2.22 


-a« 


m.a55 


-3.125 


1.Q61 


-51.2 


m.a55 


-3.73a 


1.735 


- 5 a. a 


m.a55' 


-a.*i 


1.55 


-57.6 


m.a55 


-5.5a5 


1.361 


- 60.8 


in. a 55 


-*.apa 


1.213 


-*a 


m.a55 


-7.532 



/ 
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i'able 22 continued 



t 


■?*? ir - e ~- (r 


- /6' 


6^/77. 


.2 


2 b 


-7.1 


-16 


.9 


.h 


23.03 


-".30 


-16 


..73 


.6 


22.15 


-5.57- 


-16 


.575 


.8 


21.3 


-h.o6 


-16 


.3h 


1.0 


20.1*2 


-h .hO 


-16 


.02 


1.2 


1Q.65 


-3.895 


-16 


-.21*5 


l.h 


18.90 


-3.h55 


-16 


-.hh5 


1.6 


1M5 


-3.065 


-16 


-.015 


l.R 


17. hi 


- 2.12 


-16 


-1.31 


2.0 


16.73 


-2.h2 


-16 


- 1.69 


2.2 


16.07 


-2.1U 


-16 


-°. 07 


2.h 


19.1*9 


-1.395 


-16 


-o.ho5 


2.6 


Hi. 86 


-1.68 


-16 


-0.82 


2.3 


1U.30 


-l.h95 


-16 


-3.195 


3.0 


13.73 


-1.33 


-16 


-3.60 


3.2 


13.19 


-1.13 


-16 


-3.90 


3 . a 


12.66 


-l.Oh 


-16 


-h.39 


3.6 


12.16 


- .020 


-16 


-h.769 


3.8 


11.69 


- .«16 


-16 


-5.126 


a. o 


11.22 


- .723 


-16 


-5.508 
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To cot- 


in 


th9 <5^ Q u dividing line, equaa 


ion (22) reduce: 


3 to 


(104) 






/ 


• ^ & m o 


& /-7~? O 










5 


•5" ( 5 -f~ • ) 




(105) 






/ - 


* 


^-5 /?7 O / 


. 






- — 


~~ * <<d £9 ^77 ^ -/• 


- e 


Values 


of 


63^ versus 


(t) are tabulated 


in Table 23 












Table 23 






t 




/ - e 






- -Z 




.2 




.0392 




.196 


-.2 


.004 


.4 




.077 




.385 


-.2 


.185 


.6 




.113 




.565 


-.2 


• 365 


1.0 




.181 




.905 


-.2 


.705 


1.4 




.244 




1.24 


-.2 


1.04 


1.8 




.302 




1.52 


-.2 


1.32 


O O 




.356 




1.78 


-.2 


1.58 


2.6 




.405 




2.205 


-.2 


1.825 


3.0 




.450 




2.25 


-.2 


2.05 


3.4 




.493 




2.465 


-.2 


2.265 


3.8 




.532 




2.66 


-.2 


2.46 


4.0 




.550 




2.75 


• O 


2.55 



Figure 22 is a graph of equations (102) and (105) . By appropriate 
ordinate scaling as described in section three, recombination times were 

o 

computed as listed in Table 24, for corresponding values of 0/n 0 

m • 

Values of 6?^ for dividing lines are listed in Table 24* 
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Table m 



0 

0 m c 


/ 

-r- 

( 


-•et 

e e 


~/ZS~, 


/J5 3/J" 
r -<ry 


-a r 


/ /// / O' 


Om 


1 


l.i 


.503 .517 


-loo. a 


5.0 


-17.5 


on. a 55 


.355 


^ Q 


1.175 


.701 .595 


-oo.o 


6.5 


-1°.5 


iii.a55 


. oo5 


y 


i .275 


.775 .5*6 


-Q6 .0 


5.225 


-oq.I. 


in. a 55 


. ?2' 3 


.5 


i.5?5 


.75? .526 


-°5 .0 


5.7 


-02.8 


m.a55 


.152 


.? 


l. Q 75 


.688 .3?55 


-»6.0 


a. 335 


-30.0 


iii.a55 


.055 


.1 


2.525 


yy y3h 


-77.0 


3.125 


-3 q .P 


in .a55 


-.120 


.08 


? . 65 


.590 .236 


-73.5 


2.75 


-U2.25 


iu.a55 


-.1575 


.06 


3.2 3 


.5? p .157 


-66 


l.°6 


-5l . 2 


111.555 


-.?27 


.Oil 


3y?5 


.boa .i?o5 


-61.6 


1.61 


-56.5 


111.555 


-.201 


.03 


3.°P 


.152 .002 


-56.5 


1.23 


y 3.6 


111.555 


-.2225 








Table 


2a continued 






• 

0/77 o 


ZS~e ~ 




-/y 










1 


20. OB 


-5.135 


-16 


.055 








.8 


io y 


-3 .°U 


-16 


.112 








y 


io.35 


-3.73 


-16 


.222 


1 






j-i 


1?.B 


-3. hi 


-16 


.?aa 








y 


17.2 


-2 .60 


-16 


.28 








.i 


l r .a 


-1.P7 


-16 


■yu7 








.OB 


15.75 


-1.63 


-16 


.232 








.0* 


i3y 


-1.175 


-15 


.238 








.Oh 


12.32 


-.965 


-16 


• .I5i 








.03 


11 . 3 


-.735 


-16 


.113 









-/ 
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!mle ?h continued 



A 

C7 /-?/ o 


-1- 

( 


Oc_ Gu - / 


1 


1.1 


.803 .785 


.8 


1.175 


.632 .6/5 




1.275 


.865 .555 


.8 


1 . JU 2 3 


.30 .8155 


.2 


l. p 75 


.1375 .272 


.1 


2.825 


.0616 .172 


.OP 


2.68 


.087 .183 


.06 


3.2 


.0316 .1292 


.08 


3.525 


.01975 .0933 


.03 


3.98 


.01352 .0761 


\ppiyinp 


• equation ( 2U ) to 


satisfy the orinciple of conservation of 


V 

momentum yields the following values of Q 0 uoon recombination comes 


coming 


to values of 


uoon separation, listed in Table twenty-five. 






Table 25 


Q 

^ /-no 


Go 




1 


.37h 


. 


. % 


.260 




.6 


.1216 




.il 


.029 




.2 


.07125 




.1 


-.0927 




.08 


-.0925 




.06 


-.1032 




.08 


-.0656 




.03 


- . 089 7 
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Firure ?3 is the phase plane presentation of ^ 

as a combined system and when operating in the backlash repion. 

A step input of .55 is seen to separate the load from the system at 
A. Recombination takes place when the load is at 3, and the balancing 

of momentum between the load and the system without load, causes &c ) 

* 

of the recombined system to originate from point C. Reseparation occurs 
at point D and the trajectory is seen to spiral into a limit cycle de- 
fined by points E, F, 0 and H. 

A step input of .13 is seen to spiral outward to the same limit 
cycle of magnitude .550 
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COMBINED SYSTEM TRAJECTORY 
TRAJECTORY OF SYSTEM WITH LOAD SEPARATED 
SEPARATION DIVIDING LINE 
VELOCITY AND DISPLACEMENT OF SYSTEM WITHOUT 
LOAD AT RECOMBINATION 
VELOCITY AND DISPLACEMENT OF SYSTEM AT 
RECOMBINATION 

VELOCITY AND DISPLACEMENT OF LOAD DURING 
SEPARATION 

VELOCITY AND DISPLACEMENT OF LOAD AT 
RECOMBINATION 



Figure (T3) 
Parro 
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3ase VII 



1?. 

Output measured at load. 

Load possesses viscous friction and the greater part of the system 
inertia. 

'"•iven system 

( 106 ) / 0 6 y- . / Oc Oc - / 

System as ooen loop with load separated. .3 rad. backlash 

(107) • ^ Om . / Om - / — 

Load separately 

(ioh) . & ^ — O 

isoclines of the combined system are identical with those of case V, 
listed in Table seventeen. 

io obtain the isocline of the system, without load, where separation of 
the load from the system occurs, solve for 

(loo) j|L = 7p 3 - - 3/ 

e ( 

At the instant of separation, 

(no) ^ -f- = 

e n~> e> 

(111) 7^ ' ^ — jT~ C / ~ ^ /r ^ C ) 

„ 0rf>c 

('ll 2) Qma _ S~ 

/ O -f- ' J> 

uettinr = N - -.375 

O . . 

(113) arctan arc ta n ^ — pp, -56 46 - 0 -.dU 

/— e™* -.3 7S-+.5' ' 

Equation (u0) reduces to 
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mu) 



- V & rr? c r + /SB. 7 7S~ c tf -jyf7* 
S /z s~. s> 7 S- _ set- S 7 S-&VO e /- / 



Equation f.’jl) reduces to 



( 115 ) 



- <* 6- V &„ t 



Y' S . Y ^ g Omo c 



t* /OC- e 



, J7/ 






Equation ?? reduces to 
(11*) =. / 



. eb.e 3 Os/?o y~ £■ C6 & & nlo (/ - e 



-. 3 7/ / 



equation 2 3 reduces to 



- . j? 



3 



( 117 ) £) 4 e 

iable twenty-six lists values of equations (llU), 

for various values of (t) 

Equations (llh) and 'll') are plotted on Fir. 2h 
recombination obtained from the ordinate scalier 
section 3. 



(115), '11'; and 'lx 

and various times of 
method described in 



7 



11 



Ta ; ^xe 26 



t 


— .rf 

C 


- 3 71 

c 


/S8*7r / 

r 


- 3 ?rt 8 57S Om 


.2 


.806 


.078 


113.3 


- 5.28 


-261 


1?5.°75 


-.005 


.1 


. q 19 


.361 


129.8 


-10.56 


-215.7 


123.975 


.0-5 


. 6 


.711 


.799 


117.15 


-19.83 


-227.3 


199. 97s 


.295 


p 

• 1 


.670 


.711 


106.05 


-21 .1? 


-711.1 


125.9/2 


-.°05 


X. 1 


.607 


.698 


96.15 


-7M 


-195.9 


123.9/5 


-.179 


1.2 


.660 


.638 


87.1 


-31.81 


-181.5 


19^.976 


-.065 


1.1 


.1°7 


.692 


7 W .75 


-37.0 


-168.6 


126.975 


-.975 


1.6 


.150 


.819 


71.1 


-17.7 


-L56 .0 


128.975 




l.« 


.107 


.610 


61.5 


-17.5 


-115.1 


1?6.97 


-2,176 


2.0 


.368 


.173 


58.1 


-52.8 


-131.7 


17 L . 975 


-3.195 


2.2 


.333 


.138 


57.85 


-58 


-12)1.6 


l?^.o/5 


-3.775 


9.1 


.302 


.107 


17.95 


-63.35 


-11^.85 


128.975 


-9.775 


'.6 


.2/2 


.378 


13.1 


-68.55 


-107.75 


125.975 


-7.2? : 


2.8 


.217 


.360 


39.2 


-71.0 


- 90.6 


125.975 


-9. .2- 


3.0 


.22)4 


.326 


35.53 


-79.1 


- 9?. 5 


176.97 5 


-10.095 


3.2 


.202 


.302 


32.0 


-81.5 


- 8^.0 


175.975 


-i: .526 


3.1 


.183 


.2^0 


29.0 


- 89.7 


- 79.75 


126.975 


-xl.175 


3.6 


.166. 


.260 


2^.3 


-95. 0 


- 71.0 


l?5. n 75 


-16.725 


3.8 


.160 


.211 


23.8 


-100.2 


- 68.5 


176.0/3 


-19.029 


1.0 


.136 


.271 


71.51 


-105.6 


- 63.8 


175.975 


-?l. 0Q 5 
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Taole 96 contirnjed 



t 


-75.Z38 


/OC. £38 
c -,37Sf 


- v- 


* 

83 rn 


.2 


-7i. 4 9 


OR. 09 


-? 4 .h 


.90 


.h 


- 4 h . 9 


01.9 


-2^ .h 


.60 


. 6 


-98.68 


89.1 


- 2 6 . h 


.02 


.8 


-93.09 


79.0 


-26. h 


-.h9 


1.0 


-h^.09 


73. h 


-26..h 


-1.09 


1.2 

1 


-U3.93 

' 


68.0 


- 26 . h 


-1.93 


l.u 


-39 .U 


63.1 


-2 4 .h 


-2.7 


1.6 


-39. 4 ? 


9 q .9 


-26. h 


-3.92 


1.8 


-32.2 


5h-h9 


-26. h 


-h.19 


2.0 


-2d .18 


90. ho 


-26. h 


-9.09 


2.2 


- 27 . n 


U6.69 


-26. h 


-6.19 


2 . h 


- 23.23 


13. ho 


-26. h 


- 4 .93 


2 .6 


-21.96 


ho. 39 


-26. h 


-7.61 


2.2 


-19 . 98 


37.39 


-26. h 


-8.63 


3.0 


-17.76 


3h . 62 


-26. h 


-9 . 9h 


3.2 


-16.0 


32.2 


-2^.h 


*10.2 


3. a 


-lh. 9 


29. Q 


- 2 6 . h 


-11.1 


3. 4 


-13.16 


27.7 


-26. h 


-11.86 


3. Q 


-11.9 


29.7 


-26. h 


-12.6 


h .0 


-10.79 


23.9 


-26. h 


-13.29 
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Table 26 continued 



f 

.2 


_ 37<T\ ^ 6 _ 

{/-<?' ){/-<r- 37yt ) 

.072 .102 -.025 


.167 


a.. 

.028 


.h 


.139 


.371 


-.025 


.31x6 


.861 


.6 


.201 


.536 


-.025 


.511 


.799 


.8 


.259 


.^905 


-.025 


.6655 


.71x1 


1.0 


.312 


.8325 


-.025 


.8075 


.688 


1.2 


. 3U2 


.9125 


-.025 


.8875 


.638 


l.h 


.1x08 


1.09 


-.025 


1.065 


.592 


x.6 


.h5l 


1.205 


-.025 


1.180 


.51x9 


l » 


Ji90 


1.31 


-.025 


1.285 


.510 


’.0 


.527 


l.lxl 


-.025 


1.385 


. U7 3 


° . 2 


.5h2 


1.UU9 


-.025 


1.U2U 


. U38 


\h 


.593 


1 . 582 


-.025 


1.557 


.1x07 




.622 


1 . 66 


-.025 


1.635 


.378 


o 0 

« 


.650 


1.735 


-.025 


1.710 


.350 


3.0 


.675 


1.80 


-.025 


1.775 


.325 


3. 9 


.^8 


1.862 


-.025 


1.837 


.302 


3.U 


.720 


1.Q2 


-.025 


1.895 


.280 


3,* 


.7U0 


1.975 


-.025 


1.950 


.260 


3.8 


.759 


2.022 


-.025 


1.997 


.2hl 


h.O 


.77 A 


2 .07 6 


-.025 


2.050 


.2 2 lx 



Values of Q d u for recombination dividing lines are listed in 

table twenty- seven, for values of ( t) obtained fro: . 
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Table 27 



( 3 mo 
1 


7" 


e"^ 

.7695 


0 * ^ 7 S ^~ / 5 Q .‘/ 7 £- 
. R 2±7 121.95" 


- ZC¥t 

-13.86 


—< LQf 77 S ' , 

- 23 a. 0 120.975 


.065 


.8 


.587 


. 7 h 6 


.803 


11 .25 


-15.5 


-208.3 


125. 97 r 


. 3d 0 


.6 


.687 


.7096 


.7733 


112.3 


-18.12 


-220 


105.075 


.003 


.h 


.862 


.650 


.72a 


103.0 


-22.79 


-2060 


106.078 


.o-a 




1.25 


.536 


.626 


85.0 


-33.0 


17 p . 3 


106.975 - 


rc 

•V 


.1 


1.70 


.a2 R 


.529 


67.85 


-aa.o 


-150. a 


10 -.975 - 


.ia/ c 


.08 


l. R 75 


.392 


.ao6 


62.1 


-a9.5 


-iai .2 


125.075 - 


. ; u 


.06 


2.115 


.3a8 


.a53 


55.15 


-55.85 


-129.6 


126.976 - 


V if 

• 


.0a 


2.U65 


.292 


.397 


a6.35 


-65.06 


-113.0 


l oc .975 - 


" >r ' 


.02 


3.275 


.195 


.29a 


30.93 


-86.5 


- 83.75 


126.975 - 


. o/6y 








Table 1 


27 continued 








£3 ST? <£> 
1 


/oc-esa A 

jo --SZ^ e -. 37 STt -/?6 ^ g/^7 

-60.97 87.51 -26. a .ia 










.8 


-59.08 


35.55 


-26. a 


.056 










.6 


-56.1 


82.5 


-26. a 


0 










.a 


-51.5 


77.20 


-26. a 


-.3« 










.2 


-a?. 5 


66.8 


- 26 . a 


-Ji2 










a 


-33.38 


56. a5 


- 26 , a 


-.383 










.08 


-31.05 


52.05 


-26. a 


-.36 










.06 


-27.6 


a°.3 


-26. a 


-.3a2 










.Oh 


-23. K 


a?. 33 


-26. a 


- . 289 










. 02 


-i ( -.a<° 


31.3 


- 26 . a 


-.2113 
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Tabj-t 27 continued 



@/7 7 O 


^ 0 


—.37Jf s 

- e (V- c - 


1 


XT' 

CM 

XT 


.1783 


.11753 


.8 


.587 


.127 


.525 




. 6 R 7 


.22-7 


. 80 5 


.h 


.862 


.27 6 


.736 


.2 


1.25 


.37U 


.906 


.1 


1.70 


.1x71 


1.259 


.08 


1.875 


oOh 


1.3a3 


.'V 


2.115 


. c a7 


1 .a 6 


.Oil 


2 J 46.5 


.603 


1.71 


.02 


3.275 


.706 


1.885 


bquati or 


1 2ii yields 


values 


• 

for 6k 



Table 



# 

&mc 



1 


.685 


.2 


.5252 


A 

• 


.371 


.a 


.1553 


.2 


.0161 


.1 


-.03a25 


.08 


-.0102 


.06 


-.oa629 


.oa 


-.oa5i 


.02 


-.03755 



- 

-.025 


.a 503 


6k. 

.8217 


-.025 


.aoo 


.6a25 


-.025 


.31x8 


.a6a 


-.025 


.?8a2 


.OQ 93 


-.025 


.m2 


.1252 


-.025 


. 123 a 


.0529 


-.025 


.1053 


.0397 


-.025 


.0 R 6 


. 3272 


-.025 


. 3635 


. Jl88g 


-.025 


.0372 


. 0O58o 



recombination line as 'oliows 

28 
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Figure 2$ is the ohase mane portrait of 0 o O c Q £T for th '- combined and 
separated system. A stem inout oi . is seen to seoarate load from 
system at point ; A. The system recomoines when the load has decelerated 
to point B, and satisfaction of the momentum balance amain causes Q c G\ 
to originate fron ooint C. Pcseoarat ion occurs at point D and the 
traiectory is seen to converge to the limit cycle described by points 
h, }■', 0 and H. A step inout of .09 is seen to spiral outward to the same 

limit cycle of magnitude . 
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COMBINED SYSTEM TRAJECTORY , 

trajectory of system with load separated 

SEPARATION DIVIDING LINE ■ 

VELOCITY AND DISPLACEMENT OF SYSTEM WITHOUT LOAD 
AT RECOX® IN AT ION ' i • 

VELOCITY AND DISPLACEMENT OF SYSTEM AT RECOMBINATION 
VELOCITY AND DISPLACEMENT OF LOAD DURING SEPARATION 
VELOCITY AND DISPLACEMENT OF LOAD, AT RECOMBINATION 



Figure 

Page 3 5 



) 



v 





13. Case VIII 



Output measured at load 

Load possesses greater part of systems inertia but lesser part of 
system friction. 

Given system. 

(lid) / 7 4 3 o — / 

System as open loop with load separated. .3 rad. backlash 
(119) ' 3 @ fry -/- • ^ 3 m — / O/. 

Load separately 

(1?0) * 8 @l * / Ol - ^ 

Isoclines of the combined system are identical with those of case V, 
listed in Table seventeen. 

io obtain the isocline of the system without load, where separation of 
trie load from the system occurs, solve for 



Cm) 
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II 

tp 

An 


-y* 












At the 


instant 


of 


separation 




(122) 


0 

0/7? 


/ 


/.S' = 


S~ (* / O me 


Orr> 






O^ O-n o 


(123) 


3 


A 


AS~ = 


S' ( / O A7 C7 










£S me 


( 121;) 


O mo 




S' 






/- 


A77 O 


l 


/■S' 


Letting 


^ = N . 


3 = 


\r. 

CM 

1 — 1 

. 

t 




(1?5) a 


rctan 




mj - * 


■ r c ~/~G 1 S3 

/. 3 7 S' 



/— £>r 



Equation (hD) reduces to 

fl?6) &rr,= -2* f//' y8/ &r "\S /- . 



y- /. S' £ (Om o £? 
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Equation (41) reduces to 



( 127 ) 7 — 8- 3 8 c (f 



- /,jr/ 



- . A? s t 



-h Zf- 08 88 rn o e 



7 ^ O /T7G 



Equation (22) reduces to 




- ,/fS~ 8 



) 



(l28) (£9^ — / » /8 7 S~ @^>70 7 & &S77 0 



/- c 



Equation (23) reduces to 



8 



(129) e<_ 



&ST7C C 



Table twenty-nine is a tabulation of values of equations (126), (123), 
and (129) for various values of (t) . 

Figure (26) is a graph of equations (126) and (128). Suitable scaling of 
the ordinate yields recombination times for various values of £9 as 

s'? O 

listed in Table thirty. 

Equation (24) yields values of O 0 upon recombination, as listed in 
Table thirty-one. 
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e -^ 

.71x1 


e ' 
.9753 


,/est Table 29 

/. £ 5 / rB/ 

1.157 231.581 


-Z33 fe 
£ - 
-228 


- 9.15 


.lx 


.51x9 


.951 


.858 


2 31.581 


-222 


-10.3 


.6 


.1x07 


.9278 


.636 


231.581 * 


-216.1 


-15.1x3 


.8 


.302 


.905 


.1x725 


231.581 


-211.3 


-20.6 


1.0 


.222 


.883 


.31.75 


231.981 


- 206.0 


-25.71 


1.2 


.166 


.861 


.260 


231.581 


-201.2 


-30.86 


l.U 


.1225 


.8a 


.192 


231.5 h 1 


-196.0 


-3 A .0 


1.6 


.091 


.819 


. 11x2 2 


231.581 


-1Q1.0 


-1x1.15 


1.8 


.067 


.7987 


.105 


231. 5 P 1 


-186.2 


-1x6.3 


2.0 


.0? 


.779 


.0783 


231.581 


-181.6 


-51.5 


2.2 


.037 


.760 


.058 


231.581 


-177.2 


-56.55 


2.1a 


.0273 


.7U1 


.0127 


231.581 


-173 


- A 1.75 


2.6 


.0203 


.7227 


.0318 


231.581 


-168.6 


-67.0 


2.8 


.315 


.705 


.0231x5 


231.581 


-16a. 6 


-72.0 


3.0 


.011 


.688 


.0172 


231.581 


*160.3 


-77.25 


3.2 


.0091 


.670 


.311x22 


231.581 


-156.3 


-82. a 


3. lx 


.0061 


.651a 


.00955 


231.581 


-152.6 


-87.5 


3.6 


.OOfa' 9 


.63? 


.00705 


231.581 


-11x9.0 


-92.6 


3. q 


. 00 3U 


. 62 ? 


.905325 


231.581 


-11x5.1 


- 07 . M 


1.0 


.0 )?5 


.607 


.00392 


231.581 


-llxl.5 


-103 



&rr, - / 

- M2 
.139 
.687 
.1535 
.188 
-.219 
-.227 
-.U27 
-.°Ux 
-l.ixix 
-9.11 
-3.13 
- 3.^7 
- c .O 

-9.9:2 
-7.105 
- r . 5i0 
13.01? 
11.31U 
x? .915 
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Table 29 continued 



t 

.2 


O-e''^) 8{/-f 

.0287 .19 78 


- r Z 7 S 

-.275 


£>4 -/ 
-.0772 


.9753 


.8 


.089 


.392 


-.275 


.117 


.951 


.6 


.0722 


.5775 


-.275 


.3075 


.0270 


.0 


.095 


.76 


-.275 


.886 


.905 


1.0 


.117 


.936 


-.275 


.661 


.883 


1.2 


.139 


1.112 


-.275 


.837 


.861 


1.8 


.160 


1.28 


-.275 


1.005 


.88 


1.6 


.101 


1.85 


-.275 


1.175 


.819 


1.8 


.2013 


1.61 


-.275 


1.335 


.7987 


2.0 


.221 


1.77 , 


-.275 


1.895 


.779 


°.2 


.280 


1.92 


-.275 


1.685 


.760 


2 . U 


.259 


2.075 


-.275 


1.800 


.781 


2.6 


.2773 


2.22 


-.275 


1.985 


.7727 


2.0 


.295 


2.36 


-.275 


2.0«5 


.705 


3.0 


.312 


7.50 


-.275 


7.726 


.689 


3.2 


.330 


2.68 


-.275 


2.365 


.670 


3.8 


.386 


2.77 


-.975 


7.895 


.658 


3.6 


.3^2 


2.898 


-.275 


2.673 


.638 


3.8 


.378 


3.021 


-.275 


7.786 


.022 


8.0 


.393 


3.18 


-.275 


2.065 


.607 






Table 30 
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1 


.80 


e -/^r 

.302 


.905 


/.j TSY 
e 

.1725 


*05/, 50/ 
231.581 


-055-V^ 

p /Z ft 

-211.3 


-5X7//' ^-/ 

-20.6 .1535 


.8 


.875 


.270 


.°o61 


.1215 


231.581 


-209.2 


-°2.5 


.250 


.6 


.°75 


.232 


.8853 


. 363 


231.581 


-206.1 


-25.1 


.266 


.1 


1.163 


.175 


.865 


.271 


231.581 


-202.0 


-29.06 


-.012 


.2 


1.55 


.OP 8 


.821 


.1531 


231.581 


-192.1 


-39.9 


-.0832 


.1 


2.025 


.018 


.7765 


.075 


231.581 


181.2 


-82.1 


-.1611 


.OR 


2.2 


.037 


.760 


.0579 


231.581 


-177.1 


-56.55 


-.185 


.06 


2.13 

( 


.026 


.733 


.0106 


231.581 


-172.1 


-62.5 


-.17 ^ 


.01 


2.862 


.0136 


.699 5 


.02125 


231.581 


-163.1 


-73.6 


-.201 


.02 


3.90 


.0029 


.611 


.00151 


231.581 


-113.2 


■10).! 


-.’1)5 



Table 30 continued 

(S' /77o /■ S t~ .// 5 / £.5- 7 */- (_S' ^7V 



1 


-.706 


26.35 


-25.71 


-.096 


.8 


-.631 


26.1 


-25.71 


-.2066 


.6 


-.513 


25.8 


-2 r '.7l 


-.290 


.1 


-.11 


25.2 


-25.71 


-.38 


.2 


-.229 


21.0 


-25.71 


-.391 


.1 


-.1123 


22.6 


-25.71 


-.325 


.08 


-.0865 


22.13 


-25.71 


-.29 58 


.06 


-.06085 


21.16 


-25.71 


-.2602 


.01 


-.0318 


20.35 


-25.71 


-.217 


.02 


-.OO679 


17.85 


-25.71 


-.1579 
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Tabie 30 continued 



@ rrio 




6-f* 


8 

y (/-€' 


-.215 

-.275 




<a. 


1 


.80 


.095 


.76 


.U85 


.905 


.8 


.°75 


.1036 


.83 


-.275 


.h6h 


.7175 


.6 


.975 


.nh7 


.916 


-.275 


. 3 q 55 


.532 


.li 


1.163 


.135 


1.08 


-.275 


.322 


. 3U6 


.2 


1.55 


.176 


1 .hi 


-.275 


.227 


.l6h q 


.1 


2.025 


.2235 


1.79 


-.275 


.1615 


.0777 


.08 


2.2 


. 2h0 


1.92 


-.275 


.1316 


.06075 


.06 


?.h3 


.262 


2.098 


-.275 


.1095 


.0hh2 


.oh 


?°a? 


o3005 


2.kh 


-.275 


.0 266 


.028 


.2 


3.00 


.386 


3.087 


-.275 


.0562 


.01227 



Table 31 



0ST/O 

1 


0o 

.3688 




.3217 


J 


.250 


• h 


.182 


.2 


.1027 


.1 


.0561 


.08 


.oh 59 


.06 


.0356 


.Oh 


.0259 


.02 


.013k 
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Figure 27 is the phase portrait of e* a o. e, combined and seoa- 

j L L 

rated. 

A step input of .265 is seen to separate the load from the system 

at ooint A. A recombination occurs when the load has drifted to point 
B. 0 O 0 O for the recombined system originate from ooint C. heseoara- 
tion occurs at point D and I, he trajectory is seen to converge toward 
tie limit cycle described by E, F, 0, H. A steo of .0° is seen to diverge 
toward the same limit cycle of magnitude . h6 6. 
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1U. conclusions. 



y way of recapitulation, the eipht considered cases were 
t) e following equations. 

Case 1 0 c + . 8 Q 0 y G. = / 

• & Qm ^ . 6Q 0/n 9 m ^ 

* O- Q . 3 Z 0 L — Q 

6 c +- •£- 6° t / = f _ 

. 5-9 m f • 2 6 m + 6” ~ ' 



Case II 



Case III 



Crse V 



Case VI 



Case IV 



Case VII 



Case VIII 



S' 6c = O 



Oo f; 


.2 <9o 


-6 Qo 


- / 


* O 0,-n 


/- .2 


Qm ~ 
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• ^ e. 


= <2 






6» +- 


AOc 
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= / 


. x e„ 


y. * ^ (f?/77 — 


/ - 
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0 0 _ f 


.y a . 


+ Q 0 '■ 


= / 


• «5~ 0 rr? 


•f *3 0, 


*77 


/ - 


• s~ Q u ■/■ • / 0L 


= Q 




• « 

a /.• 


z Go + 


6° = 
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' Z Qrn 


, -/- . z 


On 1 - 


= / - 


. 0 = 0 






Oo -h mt 


0 4- &o 


Oo 


= / 
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tn 


/ Q m 


= / 


. 8 


&L +■ 


♦ 3 Su 


= 


Qo z 


■ V Qc 


-/ Q C, 




• Z 0 m /- 


■ y©„ 
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. Q 


e L / 


• / e L 


— i 
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= / “ & 
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governed by 

Lin it cycle 
None 

None 

/ 0 
'SO 

•sso 

/./So 

•ZSO 
.¥6 £ 



Systems were grouped in the above orde*’ so tha _ similar inertia ratios 



could be inspected as a group. 

wl en backlash is outside the feedback loon, the system is ulti- 
mately stable and does not limit cycle, however it is subject to a 
residual steady state error in response to a step inout, which error 
may be as great as the marni tude of the backlash. 

«her backlash is enclosed *r. the feed back loon, a limit cycle will 
invariablj' - result providing the system possesses viscous friction only. 

'He majority of cases considered exhibited 0 L 0 D lines for re- 

comni nation which aporoached the origin from slopes of opposite sign, 
as in the following example. 



PhasG Plane 



Stable 

Focus 




ifuro (23) 
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It was originally believed that this difference in slopes was a neces- 
sary condition for the existence of a limit cycle and that the minimum 
value of the Q Q a line was an indication of the magnitude of the 
limit cycle, neither of these is the case. The limit cycle was always 
found to occur outside of the minimum value of the Q 0 Q 0 line. Case ITT I 
showed the following configuration for the Q L } & 0 Q 0 lines in the 




riiis is not inconsistent with oreviously considered cases and is simply 
an indication that the decrease in momentum for both load and open loop 

system are equal for decreasing values of 0 mo 

The position of the syster without the load, at recombination, 'or 
various initial separation values of possesses a characteristic down 
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Tt was or . pinall believed that there rdpht oe so "i e correlation oetwten 
the existence and magnitude of the Unit cycle and the posit'on of mini- 
miin value of the 0 ni £3^, recombination line, however no correlation was 
found to exist. 

The shape and location of this Q m Om line varied from system to 
system with varying; frictional and inertia distributions, however it always 

possessed a minimum value and its most characteristic feature was the ud- 
v/ard hook in the third quadrant which corresponded to small initial 0mo 
values for the separated trajectories. 



Of most significance are the graphs shown as figures (31) and (3°). 
Figure (31) Is a plot of the magnitude of the limit cycle versus the 



Friction of Load 



ratio 



Friction of fystem 

when (a) the inertia of the load ( ) was equal to the inertia of the 
system without the load ( <J P7 ) and when (b), ~ 0 l//t? 

The steeo upward slooe of the magnitude of the limit cycle with decreas- 
ing values is of interest, clearly demonstrating that the change 

in frictional effects in the load is much ^ore pronounced when the load 
oossesses the greater part of the inertia. This is illustrated bv the 
fact that the ^ li- ne crosses the Jl = {Jrn line at low valu< 

r L 



ses oi 



Figure 3? is a plot of the magnitude of the limit cvcle versus the 

ratio for three different fractional distributions. This graph 

presents the same information as figure (31) but. in a different manner. 

/'0/T7 

Fost noteworthy is the change in slope of the — lire with change m 

/ ,rr 

frictional distrioution. when the load oossesse. tie -reater part of tl.e 



c/ 



my 



friction, an increase in the 



ratio w ecr a es the limit cvcle 



.Lore- c en the lo d possesses considerably less drrroing than the system, 
n increase in the magnitude of tho limit cycle is tko result of increasing 



the ratio. 



The overall system damping is seen to have the most effect in moving 

/ ^//7j 



"h 0 may, rye. cmrVQU upward or downward while the individual F^/F n ratios 



determine the slope of those curves. 

Prom this, the following generalizations for design may be made 
for the purpose of minimizing the magnitude of the limit cycle: 



If the system damping is small , ^ y’W? ^ , Z. , the Ji/J m ratio 
snould be made as small as possible when backlash is included inside the 
feedback loop. 

If the system damping is somewhat greater , £fur n ;>> , if- , the J^/J^ 
ratio should be made large, and a further reduction in the limit cycle 
may be achieved by placing the preponderance of damping in the load. This 
is quite feasible, and would be the case when a tachometer used in feedback 
is attached directly to the output shaft. 
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Lore 



s en the load possesses considerably less damp>ing than the system, 
n increase in the magnitude of tho limit cycle is tho result of increasing 
the ratio# 

The overall system camping is seen to have the most effect in moving 
^-/ ^/v 

t-he - 7— curves upward or downward while the individual F T /F„ ratios 

may. f/m. eye . r u m 

determine the slope of those curves. 

From this, the following generalizations for design may be made 
for the purpose of minimizing the magnitude of the limit cycle: 

If the system damping is small 9 Z^us- n „ z. , the J^/j^ ratio 

cnould be made as small as possible when backlash is included inside the 
feedback loop. 



If the system damping is somewhat greater, ^ur n yy , the J^/J^ 
ratio should be made large, and a further reduction in the limit cycle 
may be achieved by placing the preponderance of damping in the load. This 
is quite feasible, and would be the case when a tachometer used in feedback 
is attached directly to the output shaft. 
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